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Abstract
A new KKM type theorem is first proved under noncompact setting of FC-spaces. As applications of
the KKM type theorem, we establish some new existence theorems of solutions for generalized vector
equilibrium problems under noncompact setting of FC-spaces. These theorems improve and generalize
many known results in literature.
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1. Introduction
In 1980, Giannessi [13] first introduced the vector variational inequality problem in finite
dimensional Euclidean spaces. Since then, such problem has been generalized in various differ-
ent directions. Motivation for this comes from the fact that vector variational inequality and its
various generalizations have extensive and important applications in vector optimization, optimal
control, mathematical programming, operations research and equilibrium problem of economics.
Hence various generalized vector equilibrium problems have become important developed direc-
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therein.
Let X, Y and W be topological spaces, Z be a nonempty set and 2Z be the family of all subsets
of Z. Let F :X × Y → 2Z , ψ :X × W × Y → 2Z , Q :X → 2W and C :X → 2Z be set-valued
mappings.
A generalized vector equilibrium problem of type (I) (GVEP(I)) is to find xˆ ∈ X such that
F(xˆ, y) ⊂ C(xˆ), ∀y ∈ Y.
A generalized vector equilibrium problem of type (II) (GVEP(II)) is to find xˆ ∈ X such that
F(xˆ, y) ⊂ C(xˆ), ∀y ∈ Y.
A generalized vector equilibrium problem of type (III) (GVEP(III)) is to find xˆ ∈ X such that
F(xˆ, y) ∩ C(xˆ) = ∅, ∀y ∈ Y.
A generalized vector equilibrium problem of type (IV) (GVEP(IV)) is to find xˆ ∈ X such that
F(xˆ, y) ∩ C(xˆ) = ∅, ∀y ∈ Y.
A generalized vector equilibrium problem of type (V) (GVEP(V)) is to find xˆ ∈ X such that
ψ(xˆ,w,y) ⊂ C(xˆ), ∀w ∈ Q(xˆ) and y ∈ Y.
A generalized vector equilibrium problem of type (VI) (GVEP(VI)) is to find xˆ ∈ X such that
for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ⊂ C(xˆ).
A generalized vector equilibrium problem of type (VII) (GVEP(VII)) is to find xˆ ∈ X such
that
for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ∩ C(xˆ) = ∅.
A generalized vector equilibrium problem of type (VIII) (GVEP(VIII)) is to find xˆ ∈ X such
that
ψ(xˆ,w,y) ⊂ Z \ C(xˆ), ∀w ∈ Q(xˆ) and y ∈ Y.
We observe that each solution of the GVEP(I) (respectively, GVEP(IV), GVEP(V),
GVEP(VIII)) is also a solution of the GVEP(III) (respectively, GVEP(II), GVEP(VII),
GVEP(VI)), but the converse is not true in general.
For appropriate choices of the spaces X, Y , W , Z and the mappings F , ψ , Q and C, it is easy
to see that the GVEP(I)–GVEP(IV) and GVEP(V)–GVEP(VIII) include most extensions and
generalizations of generalized vector equilibrium problems and generalized vector variational
inequality problems as very special cases, for example, see [2,4–6,11–22] and the references
therein.
In this paper, new classes KKM(Y,X) of set-valued mappings with KKM property is intro-
duced in FC-spaces without any convexity structure. Some generalized KKM type theorems
for set-valued mappings with transfer compact closed values are established in noncompact FC-
spaces under much weaker assumptions. As applications of the KKM type theorems, we establish
some new existence theorems of solutions for the GVEP(I)–GVEP(VIII) under noncompact set-
ting of FC-spaces. These theorems improve and generalize many known results in literature.
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Let Δn be the standard n-dimensional simplex with vertices e0, e1, . . . , en. If J is a nonempty
subset of {0,1, . . . , n}, we denote by ΔJ the convex hull of the vertices {ej : j ∈ J }. For topolog-
ical space Y , a subset A of Y is said to be compactly open (respectively, compactly closed) if for
each nonempty compact subset K of Y , A∩K is open (respectively, closed) in K . The compact
closure and the compact interior of A (see [8]) are defined by ccl(A) =⋂{B ⊂ Y : A ⊂ B and
B is compactly closed in Y } and cint(A) =⋃{B ⊂ Y : B ⊂ A and B is compactly open in Y },
respectively. Clearly, ccl(Y \A) = Y \ cint(A). A subset A of Y is compactly open (respectively,
compactly closed) if and only if cint(A) = A (respectively, ccl(A) = A).
Let X and Y be topological spaces. A set-valued mapping T :Y → 2X is said to be transfer
compactly open-valued (respectively, transfer compactly closed-valued) on Y (see [8]) if for each
y ∈ Y , each nonempty compact subset K of X and each x ∈ K , x ∈ T (y) (respectively, x /∈ T (y))
implies that there exists y′ ∈ Y such that x ∈ cintT (y′) (respectively, x /∈ cclT (y′)).
Lemma 2.1. [9] Let X and Y be topological spaces and G :X → 2Y a set-valued mapping with
nonempty values. Then the following conditions are equivalent:
(i) for each compact subset K of X and for each x ∈ K , there exists y ∈ Y such that x ∈
cintG−1(y) ∩ K and K =⋃y∈Y (G−1(y) ∩ K) =⋃y∈Y (cintG−1(y) ∩ K),
(ii) G−1 :Y → 2X is transfer compactly open-valued on Y .
By using Lemma 2.1 and the definition of transfer compactly open-valued mapping and trans-
fer compactly closed-valued mapping, it is easy to show that the following result holds.
Lemma 2.2. Let X and Y be topological spaces and F :X → 2Y a set-valued mapping with
X = F−1(y) for each y ∈ Y . Then the following conditions are equivalent:
(i) F is transfer compactly closed-valued,
(ii) the mapping G :X → 2Y defined by G(x) = Y \ F(x) for each x ∈ X is transfer compactly
open-valued,
(iii) for each compact subset K of Y , ⋃x∈X(G(x) ∩ K) =⋃x∈X(cintG(x) ∩ K),
(iv) for each compact subset K of Y , ⋂x∈X(F (x) ∩ K) =⋂x∈X(cclF(x) ∩ K).
Remark 2.1. Lemmas 2.1 and 2.2 improve Lemmas 2.1 and 2.5 in [15], respectively.
Definition 2.1. [10] (Y,ϕN) is said to be a finitely continuous space (in short, FC-space) if Y
is a topological space and for each N = {y0, . . . , yn} ∈ 〈Y 〉 where some elements may be same,
there exists a continuous mapping ϕN :Δn → Y . A subset B of Y is said to be an FC-subspace
of Y if for each N = {y0, . . . , yn} ∈ 〈Y 〉 and for any {yi0, . . . , yik } ⊂ B ∩ N , ϕN(Δk) ⊂ B where
Δk = co({ei0, . . . , eik }).
The following notion is a generalization of the corresponding notion of Chang and Yen [7].
Definition 2.2. Let (Y,ϕN) be an FC-space and X be a nonempty set. Let T ,F :Y → 2X be
two set-valued mappings. F is said to be a generalized KKM mapping with respect to T if for
each N = {y0, . . . , yn} ∈ 〈Y 〉 and each {yi0, . . . , yik } ⊂ N , T (ϕN(Δk)) ⊂
⋃k
j=0 F(yij ) where
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ping F with respect to T , the family {F(y): y ∈ Y } has the finite intersection property. Write
KKM(Y,X) = {T :Y → 2X: T has the KKM property}.
Lemma 2.3. Let (Y,ϕN) be an FC-space, M be an FC-subspace of Y and T ∈ KKM(Y,X).
Then T |M ∈ KKM(M,X).
Proof. Suppose that S :M → 2X is a generalized KKM mapping with respect to T |M , then, for
each N = {y0, . . . , yn} ∈ 〈M〉 ⊂ 〈Y 〉 and {yi0, . . . , yik } ⊂ N , T (ϕN(Δk)) ⊂
⋃k
j=0 S(yij ). Define
a set-valued mapping F :Y → 2X by
F(y) =
{
S(y), if y ∈ M ,
X, if y ∈ Y \ M .
It is easy to see that F is a generalized KKM mapping with respect to T . Since T ∈
KKM(Y,X), the family {F(y): y ∈ Y } has the finite intersection property which implies the
family {S(y): y ∈ M} has the finite intersection property. Hence T |M ∈ KKM(M,X). 
Remark 2.2. Lemma 2.3 generalizes Lemma 2.3 of Lin et al. [15] from a convex subset of a
topological vector space to an FC-space.
Lemma 2.4. Let (Y,ϕN) be an FC-subspace, X and Z be nonempty sets. Let F,G :X×Y → 2Z ,
C,D :X → 2Z and T :Y → 2X be set-valued mappings such that
(i) for each y ∈ Y , there exists x ∈ T (y) such that G(x,y) ⊂ D(x) (respectively, G(x,y) ⊂
D(x), G(x,y) ∩ D(x) = ∅, G(x,y) ∩ D(x) = ∅),
(ii) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ⊂
C(x¯), F(x¯, y)∩C(x¯) = ∅, F(x¯, y)∩C(x¯) = ∅) implies that G(x, y¯) ⊂ D(x) (respectively,
G(x, y¯) ⊂ D(x), G(x, y¯) ∩ D(x) = ∅, G(x, y¯) ∩ D(x) = ∅) for all x ∈ T (y),
(iii) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : G(x, y¯) ⊂ D(x), ∀x ∈ T (y)} (respectively,
A2(y¯) = {y ∈ Y : G(x, y¯) ⊂ D(x), ∀x ∈ T (y)}, A3(y¯) = {y ∈ Y : G(x, y¯) ∩ D(x) = ∅,
∀x ∈ T (y)}, A4(y¯) = {y ∈ Y : G(x, y¯) ∩ D(x) = ∅, ∀x ∈ T (y)}) is an FC-subspace of Y .
Then the mapping F1 :Y → 2X (respectively, F2,F3,F4 :Y → 2X) defined by
F1(y) =
{
x ∈ X: F(x, y) ⊂ C(x)} (respectively, F2(y) = {x ∈ X: F(x, y) ⊂ C(x)},
F3(y) =
{
x ∈ X: F(x, y) ∩ C(x) = ∅}, F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅})
is a generalized KKM mapping with respect to T .
Proof. It is enough to show that F1 is a generalized KKM mapping with respect to T . If the
conclusion is false, then there exist N = {y0, . . . yn} ∈ 〈Y 〉 and {yi0, . . . , yik } ⊂ N such that
T (ϕN(Δk)) ⊂⋃kj=0 F1(yij ). Hence there exist y¯ ∈ ϕN(Δk) and x¯ ∈ T (y¯) such that x¯ /∈ F1(yij )∀j = 0, . . . , k. So F(x¯, yij ) ⊂ C(x¯) for all j = 0, . . . , k. It follows from the condition (ii) that
G(x, y¯) ⊂ D(x) for all x ∈ T (yij ) and j = 0, . . . , k. Hence we have {yi0, . . . , yik } ⊂ A1(y¯).
By (iii), A1(y¯) is an FC-subspace of Y , we have y¯ ∈ ϕN(Δk) ⊂ A1(y¯). It follows that G(x, y¯) ⊂
D(x) for all x ∈ T (y¯) which contradicts the condition (i) and hence the conclusion holds. The
proof of F2, F3 and F4 is similar, we omit it. 
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C,D :X → 2Z and T :Y → 2X be set-valued mappings such that
(i) for each y ∈ Y and x ∈ T (y), G(x,y) ⊂ D(x) (respectively, G(x,y) ⊂ D(x), G(x,y) ∩
D(x) = ∅, G(x,y) ∩ D(x) = ∅),
(ii) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ⊂
C(x¯), F(x¯, y)∩C(x¯) = ∅, F(x¯, y)∩C(x¯) = ∅) implies that there exists x ∈ T (y) such that
G(x, y¯) ⊂ D(x) (respectively, G(x, y¯) ⊂ D(x), G(x, y¯)∩D(x) = ∅, G(x, y¯)∩D(x) = ∅),
(iii) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ⊂ D(x)} (respectively,
A2(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ⊂ D(x)}, A3(y¯) = {y ∈ Y : ∃x ∈ T (y) such
that G(x, y¯) ∩ D(x) = ∅}, A4(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ∩ D(x) = ∅}) is
an FC-subspace of Y .
Then the mapping F1 :Y → 2X (respectively, F2,F3,F4 :Y → 2X) defined by
F1(y) =
{
x ∈ X: F(x, y) ⊂ C(x)} (respectively, F2(y) = {x ∈ X: F(x, y) ⊂ C(x)},
F3(y) =
{
x ∈ X: F(x, y) ∩ C(x) = ∅}, F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅})
is a generalized KKM mapping with respect to T .
Proof. It is enough to show that F1 is a generalized KKM mapping with respect to T . If the
conclusion is false, then there exist N = {y0, . . . yn} ∈ 〈Y 〉 and {yi0, . . . , yik } ⊂ N such that
T (ϕN(Δk)) ⊂⋃kj=0 F1(yij ). Hence there exist y¯ ∈ ϕN(Δk) and x¯ ∈ T (y¯) such that x¯ /∈ F1(yij )
∀j = 0, . . . , k. So F(x¯, yij ) ⊂ C(x¯) for all j = 0, . . . , k. It follows from the condition (ii)
that for each j = 0, . . . , k, there exists x ∈ T (yij ) such that G(x, y¯) ⊂ D(x). Hence we have
{yi0, . . . , yik } ⊂ A1(y¯). By (iii), A1(y¯) is an FC-subspace of Y , we have y¯ ∈ ϕN(Δk) ⊂ A1(y¯). It
follows that there exists x ∈ T (y¯) such that G(x, y¯) ⊂ D(x) which contradicts the condition (i)
and hence the conclusion must be true. The proof of F2, F3 and F4 is similar, we omit it. 
Lemma 2.6. [1] Let X and Y be topological spaces and G :Y → 2X be a set-valued mapping.
Then G is lower semicontinuous in y ∈ Y if and only if for any x ∈ G(y) and any net {yα} ⊂ Y
satisfying yα → y, there exists a net {xα} such that xα ∈ G(yα) and xα → x.
By the proof of Theorem 1 of Lin and Yu [19], we observe that the following result holds.
Lemma 2.7. Let X, Y , W and Z be topological spaces. Let ψ :X × W × Y → 2Z and
Q :X → 2W be set-valued mappings.
(i) If for each fixed y ∈ Y , (x,w) → ψ(x,w,y) and Q are both lower semicontinuous, then the
mapping F :X × Y → 2Z defined by F(x, y) =⋃w∈Q(x) ψ(x,w,y) satisfies that for each
y ∈ Y , x → F(x, y) is lower semicontinuous on X.
(ii) If for each fixed y ∈ Y , (x,w) → ψ(x,w,y) and Q are both upper semicontinuous with
compact values, then for each y ∈ Y , x → F(x, y) is upper semicontinuous on X with non-
empty compact values.
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Theorem 3.1. Let (Y,ϕN) be an FC-space and X be a topological space. Let T ∈ KKM(Y,X)
be a compact mapping and F :Y → 2X be a set-valued mapping such that F is a generalized
KKM mapping with respect to T with compactly closed values. Then T (Y ) ∩ (⋂y∈Y F (y)) = ∅.
Proof. Since T is a compact mapping, T (Y ) is compact in X. Define a set-valued mapping
F ∗ :Y → 2T (Y ) by F ∗(y) = T (Y ) ∩ F(y) for each y ∈ Y. We claim that F ∗ is also a gener-
alized KKM mapping with respect to T . Since F is a generalized KKM mapping with respect
to T , for each N = {y0, . . . , yn} ∈ 〈Y 〉 and each {yi0, . . . , yik } ⊂ 〈N〉, we have T (ϕN(Δk)) ⊂⋃k
j=0 F(yij ). Hence we have T (ϕN(Δk)) ⊂
⋃k
j=0(T (Y )∩F(yij )) =
⋃k
j=0 F ∗(yij ). This shows
that F ∗ is also a generalized KKM mapping with respect to T . Since T ∈ KKM(Y,X) and
T (Y ) ∩ F(y) is closed in T (Y ) for each y ∈ Y , the family {T (Y ) ∩ F(y): y ∈ Y } has the finitely
intersection property. Since T (Y ) is compact and F has compactly closed values, therefore, we
have T (Y ) ∩ (⋂y∈Y F (y)) = ∅. 
Theorem 3.2. Let (Y,ϕN) be an FC-space and X be a topological space. Let T ∈ KKM(Y,X)
be a compact mapping and F :Y → 2X be a set-valued mapping such that F is a general-
ized KKM mapping with respect to T with transfer compactly closed values. Then T (Y ) ∩
(
⋂
y∈Y F (y)) = ∅.
Proof. Define a mapping cclF :Y → 2X by (cclF)(y) = cclF(y) for each y ∈ Y , it is easy
to see that cclF is also a generalized KKM mapping with respect to T with compactly closed
values. By Theorem 3.1,
⋂
y∈Y (T (Y ) ∩ cclF(y)) = ∅. Since T (Y ) is compact and F has trans-
fer compactly closed values, by Lemma 2.2, we have T (Y ) ∩ (⋂y∈Y F (y)) = ⋂y∈Y (T (Y ) ∩
cclF(y)) = ∅. 
Theorem 3.3. Let (Y, {ϕN }) be an FC-space and X be a topological space. Let T ∈ KKM(Y,X)
and F :Y → 2X be set-valued mappings such that
(i) F has transfer compactly closed values,
(ii) F is a generalized KKM mapping with respect to T ,
(iii) for each compact subset D of Y , T (D) is compact in X,
(iv) there exists a nonempty compact subset K of X such that for each N ∈ 〈Y 〉, there exists a
compact FC-subspace LN of Y containing N satisfying T (LN) ∩ (⋂y∈LN cclF(y)) ⊂ K.
Then
⋂
y∈Y F (y) = ∅.
Proof. Suppose the conclusion is not true, then
⋂
y∈Y F (y) = ∅. Define a set-valued map-
ping G :Y → 2X by G(y) = X \ F(y) for each y ∈ Y , then for each y ∈ Y, G(y) is non-
empty, and by (i) and Lemma 2.2, G is a transfer compactly open-valued mapping on Y .
Since K is nonempty compact in X, by Lemma 2.1, we have K = ⋃y∈Y (cintG(y) ∩ K).
Hence there exists N ∈ 〈Y 〉 such that K ⊂ ⋃y∈N cintG(y). By (iv), there exists a compact
FC-subspace LN of Y containing N such that T (LN) ∩ (⋂y∈LN cclF(y)) ⊂ K. It follows that
T (LN) \ K ⊂ ⋃y∈L cintG(y). Since N ⊂ LN , we have that T (LN) ⊂ ⋃y∈L cintG(y) andN N
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the restriction T |LN of T on LN satisfies T |LN ∈ KKM(LN,X). Define a set-valued map-
pings F ∗,G∗ :LN → 2T (LN ) by F ∗(y) = F(y) ∩ T (LN) and G∗(y) = T (LN) \ F ∗(y) for
each y ∈ LN. Then we have G∗(y) = T (LN) \ (F (y) ∩ T (LN)) = T (LN) ∩ (X \ F(y)) =
T (LN) ∩ G(y). Therefore we have T (LN) =⋃y∈LN (cintG(y) ∩ T (LN)) =⋃y∈LN G∗(y). By
Lemma 2.1, G∗ is transfer compactly open-valued on LN , and hence, by Lemma 2.2, F ∗ is
transfer compactly closed-valued on LN . We claim that F ∗ is generalized KKM mapping with
respect to T |LN . For any N = {y0, . . . , yn} ∈ 〈LN 〉 ⊂ 〈Y 〉 and any {yi0, . . . , yik } ⊂ N , since F
is a generalized KKM mapping with respect to T and LN is an FC-subspace of Y , we have
ϕN(Δk) ⊂ LN and T |LN (ϕN(Δk)) = T (ϕN(Δk)) ⊂
⋃k
j=0 F(yij ) and hence T |LN (ϕN(Δk)) ⊂⋃k
j=0(F (yij ) ∩ T (LN)) =
⋃k
j=0 F ∗(yij ). Hence F ∗ is a generalized KKM mapping respect
to T |LN . By Theorem 3.2,
⋂
y∈LN F
∗(y) = T (LN) ∩ (⋂y∈LN cclF(y)) = ∅ which is a contra-
diction. Therefore
⋂
y∈Y F (y) = ∅. 
4. Existence results of generalized vector equilibrium problems
Definition 4.1. Let X and Y be topological spaces and Z be nonempty set. Let F :X × Y → 2Z
and C :X → 2Z be set-valued mappings. F(x, y) is said to be a C-transfer compactly continuous
mapping of Type (I) (respectively, Type (II), Type (III), Type (IV)) in first argument if, for any
compact subset K of X and any x ∈ K , there exists y ∈ Y such that F(x, y) ⊂ C(x) (respectively,
F(x, y) ⊂ C(x), F(x, y) ∩ C(x) = ∅, F(x, y) ∩ C(x) = ∅), then there exists a point y′ ∈ Y
such that x ∈ cint{z ∈ X: F(z, y′) ⊂ C(z)} (respectively, x ∈ cint{z ∈ X: F(z, y′) ⊂ C(z)}, x ∈
cint{z ∈ X: F(z, y′) ∩ C(z) = ∅}, x ∈ cint{z ∈ X: F(z, y′) ∩ C(z) = ∅}).
Remark 4.1. Definition 4.1 extend the corresponding notion of Ding and Park [12].
Proposition 4.1. Let X and Y be topological spaces and Z be nonempty set. Let F :X×Y → 2Z
and C :X → 2Z be set-valued mappings. F(x, y) is a C-transfer compactly continuous mapping
of Type (I) (respectively, Type (II), Type (III), Type (IV)) in first argument if and only if the
mapping F1 :Y → 2X (respectively, F2,F3,F4 :Y → 2X) defined by F1(y) = {x ∈ X: F(x, y) ⊂
C(x)} (respectively, F2(y) = {x ∈ X: F(x, y) ⊂ C(x)}, F3(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅},
F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}) is a transfer compactly closed-valued mapping.
Proof. It is enough to show that F(x, y) is a C-transfer compactly continuous mapping of
Type (I) in first argument if and only if the mapping F1 :Y → 2X is transfer compactly closed-
valued. Define set-valued mapping H1 :Y → 2X by H1(y) = X \F1(y), ∀y ∈ Y. By Lemma 2.2,
we only need to show that F(x, y) is a C-transfer compactly continuous mapping of Type (I) in
first argument if and only if H1 is a transfer compactly open-valued mapping in first argument.
Suppose that F(x, y) is a C-transfer compactly continuous mapping of Type (I) in first argument.
Then for any compact subset K of X and any x ∈ K , if x ∈ H1(y), we have F(x, y) ⊂ C(x). By
Definition 4.1, there exists a point y′ ∈ Y such that x ∈ cint{z ∈ X: F(z, y′) ⊂ C(z)}. It follows
that x ∈ cintH1(y′). Hence H1 is a transfer compactly open-valued mapping. Now suppose that
H1 is a transfer compactly open-valued mapping. Then, for any compact subset K of X and
any x ∈ K , if there exists y ∈ Y such that F(x, y) ⊂ C(x), then x ∈ H1(y). Since H1 a transfer
compactly open-valued mapping, there exists y′ ∈ Y such that x ∈ cintH1(y′). It follows that
x ∈ cint{z ∈ X: F(z, y′) ⊂ C(z)}. This shows that F(x, y) is a C-transfer compactly continuous
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Type (III) and Type (IV) in first argument, respectively, the proof is similar, we omit it. 
Remark 4.2. Proposition 4.1 generalizes Lemma 2.2 of Ding and Park [12].
Proposition 4.2. Let X, Y and Z be topological spaces. Let F :X ×Y → 2Z and C :X → 2Z be
set-valued mappings such that
(i) C has closed (respectively, open) graph,
(ii) for each y ∈ Y , F(·, y) is lower semicontinuous on each compact subset of X.
Then the mapping F1 :Y → 2X (respectively, F4 :Y → 2X) defined by F1(y) = {x ∈ X:
F(x, y) ⊂ C(x)} (respectively, F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}) has compactly closed
values.
Proof. For any y ∈ Y and any compact subset K of X, if x0 ∈ clK(K ∩ F1(y)) (respectively,
x0 ∈ clK(K ∩ F4(y))), there exists a net {xα} ⊂ K ∩ F1(y) (respectively, {xα} ⊂ K ∩ F4(y))
such that xα → x0. Hence we have x0 ∈ K and F(xα, y) ⊂ C(xα) (respectively, F(xα, y) ⊂
Z \C(xα)) for all α. Let z ∈ F(x0, y). By (ii) and Lemma 2.6, there exists a net {zα} ⊂ F(xα, y)
such that zα → z. Thus zα ∈ C(xα) (respectively, zα ∈ Z \ C(xα)) for all α. By (i), we have
z ∈ C(x0) (respectively, z /∈ C(x0)). It follows that F(x0, y) ⊂ C(x0) (respectively, F(x0, y) ∩
C(x0) = ∅) and hence x0 ∈ K ∩F1(y) (respectively, x0 ∈ K ∩F4(y)). Therefore the mapping F1
(respectively, F4) has compactly closed values. 
Proposition 4.3. Let X, Y and Z be topological spaces. Let F :X ×Y → 2Z and C :X → 2Z be
set-valued mappings such that
(i) C has open (respectively, closed) graph in X × Z,
(ii) for each y ∈ Y , F(·, y) is upper semicontinuous on each compact subset of X with nonempty
compactly closed values.
Then the mapping F2 :Y → 2X (respectively, F3 :Y → 2X) defined by F2(y) = {x ∈ X:
F(x, y) ⊂ C(x)} (respectively, F3(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}) has compactly closed
values.
Proof. For any y ∈ Y and any compact subset K of X, if x0 ∈ clK(K ∩ F2(y)) (respectively,
x0 ∈ clK(K ∩ F3(y))), there exists a net {xα} ⊂ K ∩ F2(y) (respectively, {xα} ⊂ K ∩ F3(y))
such that xα → x0. Hence we have x0 ∈ K and F(xα, y) ⊂ C(xα) (respectively, F(xα, y) ∩
C(xα) = ∅) for all α. Hence there exists zα ∈ F(xα, y) such that zα ∈ Z \ C(xα) (respectively,
zα ∈ C(xα)) for all α. By condition (ii) and Proposition 3.1.11 of Aubin and Ekeland [3], the set⋃
x∈K F(x, y) is compact in Z. Since {zα} ⊂
⋃
x∈K F(x, y), without loss of generality we can
assume that zα → z. By the upper semicontinuity of F(·, y), we have z ∈ F(x0, y). Since C has
open (respectively, closed) graph in X × Z, we have z /∈ C(x0) (respectively, z ∈ C(x0)). Hence
x0 ∈ K ∩F2(y) (respectively, x0 ∈ K ∩F3(y)) and so F2(y) (respectively, F3(y)) has compactly
closed values. 
Remark 4.3. Proposition 4.3 generalizes Lemma 2.3 of Ding and Park [12].
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tions. Let (Y,ϕN) be an FC-space, and X, W and Z be topological spaces. Let T ∈ KKM(Y,X),
F,G :X × Y → 2Z , C,D :X → 2Z , μ,ψ :X × W × Y → 2Z and Q :X → 2W be set-valued
mappings.
Theorem 4.1. Suppose that the following conditions are satisfied:
(i) F(x, y) is a C-transfer compactly continuous mapping of Type (I) (respectively, Type (II),
Type (III), Type (IV)) in first argument,
(ii) for each y ∈ Y , there exists x ∈ T (y) such that G(x,y) ⊂ D(x) (respectively, G(x,y) ⊂
D(x), G(x,y) ∩ D(x) = ∅, G(x,y) ∩ D(x) = ∅),
(iii) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ⊂
C(x¯), F(x¯, y) ∩ C(x¯) = ∅, F(x¯, y) ∩ C(x¯) = ∅) implies G(x, y¯) ⊂ D(x) (respectively,
G(x, y¯) ⊂ D(x), G(x, y¯) ∩ D(x) = ∅, G(x, y¯) ∩ D(x) = ∅) for all x ∈ T (y),
(iv) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : G(x, y¯) ⊂ D(x), ∀x ∈ T (y)} (respectively,
A2(y¯) = {y ∈ Y : G(x, y¯) ⊂ D(x), ∀x ∈ T (y)}, A3(y¯) = {y ∈ Y : G(x, y¯) ∩ D(x) = ∅,
∀x ∈ T (y)}, A4(y¯) = {y ∈ Y : G(x, y¯) ∩ D(x) = ∅, ∀x ∈ T (y)}) is an FC-subspace of Y ,
(v) for each compact subset D of Y , T (D) is compact in X,
(vi) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-subspace
LN of Y containing N satisfying T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂ C(x)}) ⊂ K (re-
spectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂ C(x)}) ⊂ K , T (LN) ∩ (⋂y∈LN ccl{x ∈
X: F(x, y) ∩ C(x) = ∅}) ⊂ K , T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ∩ C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that F(xˆ, y) ⊂ C(xˆ) (respectively, F(xˆ, y) ⊂ C(xˆ), F(xˆ, y) ∩
C(xˆ) = ∅, F(xˆ, y) ∩ C(xˆ) = ∅) for all y ∈ Y, i.e., xˆ is a solution of the GVEP(I) (respectively,
GVEP(II), GVEP(III), GVEP(IV)).
Proof. Define set-valued mapping F1 :Y → 2X (respectively, F2,F3,F4 :Y → 2X) by F1(y) =
{x ∈ X: F(x, y) ⊂ C(x)} (respectively, F2(y) = {x ∈ X: F(x, y) ⊂ C(x)}, F3(y) = {x ∈ X:
F(x, y) ∩ C(x) = ∅}, F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}). By (i) and Proposition 4.1,
F1 (respectively, F2, F3, F4) is a transfer compactly closed-valued mapping. By the condi-
tions (ii)–(iv) and Lemma 2.4, we have that F1 (respectively, F2, F3, F4) is a generalized
KKM mapping with respect to T . The conditions (v) and (vi) imply that the conditions (iii)
and (iv) of Theorem 3.3 hold. By Theorem 3.3, ⋂y∈Y F1(y) = ∅ (respectively, ⋂y∈Y F2(y) = ∅,⋂
y∈Y F3(y) = ∅,
⋂
y∈Y F4(y) = ∅). Taking xˆ ∈
⋂
y∈Y F1(y) (respectively, xˆ ∈
⋂
y∈Y F2(y),
xˆ ∈⋂y∈Y F3(y), xˆ ∈⋂y∈Y F4(y)), we obtain
F(xˆ, y) ⊂ C(xˆ) (respectively, F (xˆ, y) ⊂ C(xˆ), F (xˆ, y) ∩ C(xˆ) = ∅,
F (xˆ, y) ∩ C(xˆ) = ∅), ∀y ∈ Y. 
Remark 4.4. Theorem 4.1 generalizes Proposition 4.3 of Lin and Wan [17] from topological
vector spaces to FC-spaces without any convexity structure under much weaker assumptions.
Theorem 4.2. Suppose that the following conditions are satisfied:
(i) F(x, y) is a C-transfer compactly continuous mapping of Type (I) (respectively, Type (II),
Type (III), Type (IV)) in first argument,
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D(x) = ∅, G(x,y) ∩ D(x) = ∅),
(iii) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ⊂
C(x¯), F(x¯, y)∩C(x¯) = ∅, F(x¯, y)∩C(x¯) = ∅) implies that there exists x ∈ T (y) such that
G(x, y¯) ⊂ D(x) (respectively, G(x, y¯) ⊂ D(x), G(x, y¯)∩D(x) = ∅, G(x, y¯)∩D(x) = ∅),
(iv) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ⊂ D(x)} (respectively,
A2(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ⊂ D(x)}, A3(y¯) = {y ∈ Y : ∃x ∈ T (y) such
that G(x, y¯) ∩ D(x) = ∅}, A4(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ∩ D(x) = ∅}) is
an FC-subspace of Y ,
(v) for each compact subset D of Y , T (D) is compact in X,
(vi) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-subspace
LN of Y containing N satisfying T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂ C(x)}) ⊂ K (re-
spectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂ C(x)}) ⊂ K , T (LN) ∩ (⋂y∈LN ccl{x ∈
X: F(x, y) ∩ C(x) = ∅}) ⊂ K , T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ∩ C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
F(xˆ, y) ⊂ C(xˆ) (respectively, F (xˆ, y) ⊂ C(xˆ), F (xˆ, y) ∩ C(xˆ) = ∅,
F (xˆ, y) ∩ C(xˆ) = ∅), ∀y ∈ Y,
i.e., xˆ is a solution of the GVEP(I) (respectively, GVEP(II), GVEP(III), GVEP(IV)).
Proof. Define set-valued mapping F1 :Y → 2X (respectively, F2,F3,F4 :Y → 2X) by F1(y) =
{x ∈ X: F(x, y) ⊂ C(x)} (respectively, F2(y) = {x ∈ X: F(x, y) ⊂ C(x)}, F3(y) = {x ∈ X:
F(x, y) ∩ C(x) = ∅}, F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}). By (i) and Proposition 4.1,
F1 (respectively, F2, F3, F4) is a transfer compactly closed-valued mapping. By the condi-
tions (ii)–(iv) and Lemma 2.5, we have that F1 (respectively, F2, F3, F4) is a generalized
KKM mapping with respect to T . The conditions (v) and (vi) imply that the conditions (iii)
and (iv) of Theorem 3.3 hold. By Theorem 3.3, ⋂y∈Y F1(y) = ∅ (respectively, ⋂y∈Y F2(y) = ∅,⋂
y∈Y F3(y) = ∅,
⋂
y∈Y F4(y) = ∅). Taking xˆ ∈
⋂
y∈Y F1(y) (respectively, xˆ ∈
⋂
y∈Y F2(y),
xˆ ∈⋂y∈Y F3(y), xˆ ∈⋂y∈Y F4(y)), we obtain
F(xˆ, y) ⊂ C(xˆ) (respectively, F (xˆ, y) ⊂ C(xˆ), F (xˆ, y) ∩ C(xˆ) = ∅,
F (xˆ, y) ∩ C(xˆ) = ∅), ∀y ∈ Y. 
Remark 4.5. Theorem 4.2 generalizes Proposition 4.4 of Lin and Wan [17] from topological
vector spaces to FC-spaces without any convexity structure under much weaker assumptions.
Theorem 4.3. Suppose that the following conditions are satisfied:
(i) C has closed (respectively, open) graph,
(ii) for each y ∈ Y , F(·, y) is lower semicontinuous on each compact subset of X,
(iii) for each y ∈ Y , there exists x ∈ T (y) such that G(x,y) ⊂ D(x) (respectively, G(x,y) ∩
D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ∩
C(x¯) = ∅) implies G(x, y¯) ⊂ D(x) (respectively, G(x, y¯) ∩ D(x) = ∅) for all x ∈ T (y),
(v) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : G(x, y¯) ⊂ D(x), ∀x ∈ T (y)} (respectively,
A4(y¯) = {y ∈ Y : G(x, y¯) ∩ D(x) = ∅, ∀x ∈ T (y)}) is an FC-subspace of Y ,
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(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-
subspace LN of Y containing N satisfying T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ∩ C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
F(xˆ, y) ⊂ C(xˆ) (respectively, F (xˆ, y) ∩ C(xˆ) = ∅), ∀y ∈ Y,
i.e., xˆ is a solution of the GVEP(I) (respectively, GVEP(IV)).
Proof. Define set-valued mapping F1 :Y → 2X (respectively, F4 :Y → 2X) by F1(y) = {x ∈ X:
F(x, y) ⊂ C(x)} (respectively, F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}). By (i) and Proposi-
tion 4.2, F1 (respectively, F4) has compactly closed values and hence it is a compactly closed-
valued mapping. Hence the conclusion of Theorem 4.3 holds from Theorem 4.1. 
Remark 4.6. Theorem 4.3 generalizes Theorem 4.1 of Lin and Wan [17] from topological vec-
tor spaces to FC-spaces without any convexity structure under much weaker assumptions and
Theorem 4.1 includes the existence result of solutions of the GVEP(IV).
Theorem 4.4. Suppose that the following conditions are satisfied:
(i) C has open (respectively, closed) graph,
(ii) for each y ∈ Y , F(·, y) is upper semicontinuous on each compact subset of X with non-
empty compact values on X,
(iii) for each y ∈ Y , there exists x ∈ T (y) such that G(x,y) ⊂ D(x) (respectively, G(x,y) ∩
D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ∩
C(x¯) = ∅) implies that G(x, y¯) ⊂ D(x) (respectively, G(x, y¯) ∩ D(x) = ∅) for all x ∈
T (y),
(v) for each y¯ ∈ Y , the set A2(y¯) = {y ∈ Y : G(x, y¯) ⊂ D(x), ∀x ∈ T (y)} (respectively,
A3(y¯) = {y ∈ Y : G(x, y¯) ∩ D(x) = ∅}) is an FC-subspace of Y ,
(vi) for each compact subset D of Y , T (D) is compact in X,
(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-
subspace LN of Y containing N satisfying T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ∩ C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
F(xˆ, y) ⊂ C(xˆ) (respectively, F (xˆ, y) ∩ C(xˆ) = ∅), ∀y ∈ Y,
i.e., xˆ is a solution of the GVEP(II) (respectively, GVEP(III)).
Proof. Define set-valued mapping F2 :Y → 2X (respectively, F3 :Y → 2X) by F2(y) = {x ∈ X:
F(x, y) ⊂ C(x)} (respectively, F3(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}). By (i) and Proposi-
tion 4.3, F2 (respectively, F3) has compactly closed values and so it is a transfer compactly
closed-valued mapping. Hence the conclusion of Theorem 4.4 holds from Theorem 4.1. 
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(i) C has closed (respectively, open) graph,
(ii) for each y ∈ Y , F(·, y) is lower semicontinuous on each compact subset of X,
(iii) for each y ∈ Y and x ∈ T (y), G(x,y) ⊂ D(x) (respectively, G(x,y) ∩ D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ∩
C(x¯) = ∅) implies that there exists x ∈ T (y) such that G(x, y¯) ⊂ D(x) (respectively,
G(x, y¯) ∩ D(x) = ∅),
(v) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ⊂ D(x)} (respec-
tively, A4(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ∩ D(x) = ∅}) is an FC-subspace
of Y ,
(vi) for each compact subset D of Y , T (D) is compact in X,
(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-
subspace LN of Y containing N satisfying T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ∩ C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
F(xˆ, y) ⊂ C(xˆ) (respectively, F (xˆ, y) ∩ C(xˆ) = ∅), ∀y ∈ Y,
i.e., xˆ is a solution of the GVEP(I) (respectively, GVEP(IV)).
Proof. Define set-valued mapping F1 :Y → 2X (respectively, F4 :Y → 2X) by F1(y) = {x ∈ X:
F(x, y) ⊂ C(x)} (respectively, F4(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}). By (i) and Proposi-
tion 4.2, F1 (respectively, F4) has compactly closed values and hence it is a transfer compactly
closed-valued mapping. Hence the conclusion of Theorem 4.5 holds from Theorem 4.2. 
Theorem 4.6. Suppose that the following conditions are satisfied:
(i) C has open (respectively, closed) graph,
(ii) for each y ∈ Y , F(·, y) is upper semicontinuous on each compact subset of X with non-
empty compact values on X,
(iii) for each y ∈ Y and x ∈ T (y), G(x,y) ⊂ D(x) (respectively, G(x,y) ∩ D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that F(x¯, y) ⊂ C(x¯) (respectively, F(x¯, y) ∩
C(x¯) = ∅) implies that there exists x ∈ T (y) such that G(x, y¯) ⊂ D(x) (respectively,
G(x, y¯) ∩ D(x) = ∅),
(v) for each y¯ ∈ Y , the set A2(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ⊂ D(x)} (respec-
tively, A3(y¯) = {y ∈ Y : ∃x ∈ T (y) such that G(x, y¯) ∩ D(x) = ∅}) is an FC-subspace
of Y ,
(vi) for each compact subset D of Y , T (D) is compact in X,
(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-
subspace LN of Y containing N satisfying T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: F(x, y) ∩ C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
F(xˆ, y) ⊂ C(xˆ) (respectively, F (xˆ, y) ∩ C(xˆ) = ∅), ∀y ∈ Y,
i.e., xˆ is a solution of the GVEP(II) (respectively, GVEP(III)).
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F(x, y) ⊂ C(x)} (respectively, F3(y) = {x ∈ X: F(x, y) ∩ C(x) = ∅}). By (i) and Proposi-
tion 4.3, F2 (respectively, F3) has compactly closed values and hence it is a transfer compactly
closed-valued mapping. Hence the conclusion of Theorem 4.6 holds from Theorem 4.2. 
Theorem 4.7. Suppose that the following conditions are satisfied:
(i) C has closed (respectively, open) graph,
(ii) for each fixed y ∈ Y , (x,w) → ψ(x,w,y) and Q are both lower semicontinuous,
(iii) for each y ∈ Y , there exists x ∈ T (y) such that ⋃w∈Q(x) μ(x,w,y) ⊂ D(x) (respectively,
(
⋃
w∈Q(x) μ(x,w,y)) ∩ D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that ⋃w∈Q(x¯) ψ(x¯,w,y) ⊂ C(x¯) (respec-
tively, (
⋃
w∈Q(x¯) ψ(x¯,w,y)) ∩ C(x¯) = ∅) implies
⋃
w∈Q(x) μ(x,w, y¯) ⊂ D(x) (respec-
tively, (
⋃
w∈Q(x) μ(x,w, y¯)) ∩ D(x) = ∅) for all x ∈ T (y),
(v) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : ⋃w∈Q(x) μ(x,w, y¯) ⊂ D(x), ∀x ∈ T (y)} (respec-
tively, A4(y¯) = {y ∈ Y : (⋃w∈Q(x) μ(x,w, y¯))∩D(x) = ∅, ∀x ∈ T (y)}) is an FC-subspace
of Y ,
(vi) for each compact subset D of Y , T (D) is compact in X,
(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-sub-
space LN of Y containing N satisfying T (LN)∩(⋂y∈LN ccl{x ∈ X: ⋃w∈Q(x) ψ(x,w,y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: (⋃w∈Q(x) ψ(x,w,y)) ∩
C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
ψ(xˆ,w,y) ⊂ C(xˆ) (respectively, ψ(xˆ,w,y) ⊂ Z \ C(xˆ)), ∀w ∈ Q(xˆ) and y ∈ Y,
i.e., xˆ is a solution of the GVEP(V) (respectively, GVEP(VIII)).
Proof. Define set-valued mappings F,G :X × Y → 2Z by F(x, y) =⋃w∈Q(x) ψ(x,w,y) (re-
spectively, G(x,y) = ⋃w∈Q(x) μ(x,w,y)) for each (x, y) ∈ X × Y. By (ii) and Lemma 2.7,
for each y ∈ Y , F(·, y) is lower semicontinuous on X. It is easy to check that F and G satisfy
all conditions of Theorem 4.3. By Theorem 4.3, there exists xˆ ∈ X such that F(xˆ, y) ⊂ C(xˆ)
(respectively, F(xˆ, y) ∩ C(xˆ) = ∅) for all y ∈ Y. Hence we have
ψ(xˆ,w,y) ⊂ C(xˆ) (respectively, ψ(xˆ,w,y) ⊂ Z \ C(xˆ)), ∀w ∈ Q(xˆ) and y ∈ Y,
i.e., xˆ is a solution of the GVEP(V) (respectively, GVEP(VIII)). 
Theorem 4.8. Suppose that the following conditions are satisfied:
(i) C has open (respectively, closed) graph,
(ii) for each fixed y ∈ Y , (x,w) → ψ(x,w,y) and Q are both upper semicontinuous with
nonempty compact values,
(iii) for each y ∈ Y , there exists x ∈ T (y) such that ⋃w∈Q(x) μ(x,w,y) ⊂ D(x) (respectively,
(
⋃
w∈Q(x) μ(x,w,y)) ∩ D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that ⋃w∈Q(x¯) ψ(x¯,w,y) ⊂ C(x¯) (respec-
tively, (
⋃
w∈Q(x¯) ψ(x¯,w,y)) ∩ C(x¯) = ∅) implies
⋃
w∈Q(x) μ(x,w, y¯) ⊂ D(x) (respec-
tively, (
⋃
w∈Q(x) μ(x,w, y¯)) ∩ D(x) = ∅) for all x ∈ T (y),
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tively, A3(y¯) = {y ∈ Y : (⋃w∈Q(x) μ(x,w, y¯))∩D(x) = ∅, ∀x ∈ T (y)}) is an FC-subspace
of Y ,
(vi) for each compact subset D of Y , T (D) is compact in X,
(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-sub-
space LN of Y containing N satisfying T (LN)∩ (⋂y∈LN ccl{x ∈X: ⋃w∈Q(x) ψ(x,w,y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: (⋃w∈Q(x) ψ(x,w,y)) ∩
C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ⊂ C(xˆ)(
respectively, for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ∩ C(xˆ) = ∅),
i.e., xˆ is a solution of the GVEP(VI) (respectively, GVEP(VII)).
Proof. Define set-valued mappings F,G :X × Y → 2Z by F(x, y) =⋃w∈Q(x) ψ(x,w,y) (re-
spectively, G(x,y) =⋃w∈Q(x) μ(x,w,y)) for each (x, y) ∈ X × Y. By (ii) and Lemma 2.7, for
each y ∈ Y , F(·, y) is upper semicontinuous on X with nonempty compact values. It is easy to
check that F and G satisfy all conditions of Theorem 4.4. By Theorem 4.4, there exists xˆ ∈ X
such that F(xˆ, y) ⊂ C(xˆ) (respectively, F(xˆ, y) ∩ C(xˆ) = ∅) for all y ∈ Y. Hence we have
for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ⊂ C(xˆ)(
respectively, for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ∩ C(xˆ) = ∅),
i.e., xˆ is a solution of the GVEP(VI) (respectively, GVEP(VII)). 
As direct consequences of Theorems 4.5 and 4.6, we easily obtain the following results.
Theorem 4.9. Suppose that the following conditions are satisfied:
(i) C has closed (respectively, open) graph,
(ii) for each fixed y ∈ Y , (x,w) → ψ(x,w,y) and Q are both lower semicontinuous,
(iii) for each y ∈ Y and x ∈ T (y), ⋃w∈Q(x) μ(x,w,y) ⊂ D(x) (respectively, ⋃w∈Q(x) μ(x,
w,y) ∩ D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that ⋃w∈Q(x¯) ψ(x¯,w,y) ⊂ C(x¯) (respec-
tively,
⋃
w∈Q(x¯) ψ(x¯,w,y) ∩ C(x¯) = ∅) implies that there exists x ∈ T (y) such that⋃
w∈Q(x) μ(x,w, y¯) ⊂ D(x) (respectively,
⋃
w∈Q(x) μ(x,w, y¯) ∩ D(x) = ∅),
(v) for each y¯ ∈ Y , the set A1(y¯) = {y ∈ Y : ∃x ∈ T (y) such that ⋃w∈Q(x) μ(x,w, y¯) ⊂ D(x)}
(respectively, A4(y¯) = {y ∈ Y : ∃x ∈ T (y) such that ⋃w∈Q(x) μ(x,w, y¯) ∩ D(x) = ∅}) is
an FC-subspace of Y ,
(vi) for each compact subset D of Y , T (D) is compact in X,
(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-sub-
space LN of Y containing N satisfying T (LN)∩(⋂y∈LN ccl{x ∈ X: ⋃w∈Q(x) ψ(x,w,y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: ⋃w∈Q(x) ψ(x,w,y) ∩
C(x) = ∅}) ⊂ K).
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ψ(xˆ,w,y) ⊂ C(xˆ) (respectively, ψ(xˆ,w,y) ⊂ Z \ C(xˆ)), ∀w ∈ Q(xˆ) and y ∈ Y,
i.e., xˆ is a solution of the GVEP(V) (respectively, GVEP(VIII)).
Theorem 4.10. Let T ∈ KKM(Y,X), μ,ψ :X ×W × Y → 2Z , Q :X → 2W and C,D :X → 2Z
be set-valued mappings such that
(i) C has open (respectively, closed) graph,
(ii) for each fixed y ∈ Y , (x,w) → ψ(x,w,y) and Q are both upper semicontinuous with
nonempty compact values,
(iii) for each y ∈ Y and x ∈ T (y), ⋃w∈Q(x) μ(x,w,y) ⊂ D(x) (respectively, ⋃w∈Q(x) μ(x,
w,y) ∩ D(x) = ∅),
(iv) for each y, y¯ ∈ Y there exists x¯ ∈ T (y¯) such that ⋃w∈Q(x¯) ψ(x¯,w,y) ⊂ C(x¯) (respec-
tively,
⋃
w∈Q(x¯) ψ(x¯,w,y) ∩ C(x¯) = ∅) implies that there exists x ∈ T (y) such that⋃
w∈Q(x) μ(x,w, y¯) ⊂ D(x) (respectively,
⋃
w∈Q(x) μ(x,w, y¯) ∩ D(x) = ∅),
(v) for each y¯ ∈ Y , the set A2(y¯) = {y ∈ Y : ∃x ∈ T (y) such that ⋃w∈Q(x) μ(x,w, y¯) ⊂ D(x)}
(respectively, A3(y¯) = {y ∈ Y : ∃x ∈ T (y) such that ⋃w∈Q(x) μ(x,w, y¯) ∩ D(x) = ∅}) is
an FC-subspace of Y ,
(vi) for each compact subset D of Y , T (D) is compact in X,
(vii) there exists compact K of X such that for each N ∈ 〈Y 〉, there exists a compact FC-sub-
space LN of Y containing N satisfying T (LN)∩(⋂y∈LN ccl{x ∈ X: ⋃w∈Q(x) ψ(x,w,y) ⊂
C(x)}) ⊂ K (respectively, T (LN) ∩ (⋂y∈LN ccl{x ∈ X: ⋃w∈Q(x) ψ(x,w,y) ∩
C(x) = ∅}) ⊂ K).
Then there exists xˆ ∈ X such that
for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ⊂ C(xˆ)(
respectively, for each y ∈ Y, there exists wˆ ∈ Q(xˆ) satisfying ψ(xˆ, wˆ, y) ∩ C(xˆ) = ∅),
i.e., xˆ is a solution of the GVEP(VI) (respectively, GVEP(VII)).
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